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Abstract. Let D„ be the Dickson invariant ring of F2[Xi, . . . acted by 

the general Unear group GL(n,F2). In this paper, we provide an elementary 
proof of the conjecture by p|: each element in D„ is in the image of the 
Steenrod square in F2[Xi, . . . , X„], where n > 3. 



1. Introduction 

A polynomial in F2 [Xi , X2 , • • • , Xn] is hit if it is in the image of the summation 
of the Steenrod square: X^j>]^ Sq*. Let Z?„ be the Dickson invariant algebra of 
n-variables. In this paper, we will prove the following, 

Theorem 1.1. When n > 3, each polynomial in the Dickson invariant ring D„ is 
hit. 

In [P, Hung studies the Dickson invariants in the image of the Steenrod square. 
Since it is trivial that Di and D2 are not hit, the problem starts interesting from n = 
3. In the same paper. Hung shows that each element in D3 is hit and conjectured 
that it is true for Dn>3- So our result provides a positive answer to the conjecture, 
which supports to the positive answer of the conjecture on the spherical classes: 
there are no spherical classes in QqS'^, except the Hopf invariant one and Kervaire 
invariant one elements. We refer to ||] and an excellent expository paper p501 
for more background regarding to this conjecture. 

Remark 1.2. Recently, K. F. Tan and the author has obtained an elementary 
proof of the case n = 3. 

2. Proof of Theorem 

We first recall some basic properties regarding the Dickson algebra. 
Write Vn for the product 

JJ (aixi H 1- a„_ia:„_i + Xn). 

aie{0,l},i=l,..,n-l 

Then we have the following theorem. 
Theorem 2.1 (Hung g). 

^ ^rr _\VnQn-l.s * = 2"- ^ - 2^ < S < n - 1 

1142 »/^- 2-1 
I otherwise. 



1991 Mathematics Subject Classification. 55S10, 55Q45, 55S10, 55T15. 

1 



2 



KAI XU 



Qn,rQn,t i/ i - 2" - 2* + 2^ - 2^ r < s < i 
Qls «/i-2"-2^ 
otherwise. 



In the following, we will frequently use the above results without mentioning 
each time. 



We use the induction on n to prove Theorem 1.1. Suppose that the statement 
is true for n. Then we will prove that each polynomial in Dn+i is hit. 
Recall that 

Qn+l,k = Ql,k^l + Vn+lQnM for 1 < fc < n. 

So any monomial in V2[Qn+i,0j Qn+i,ii Qn+i,n] can be written as the summation 
of the following form: 

Hence by the hypothesis of the induction, it is sufficient to show that A is hit for 
any a > 0. Notice that 

n 

F„+i=^Sq\Q„,,X2;-l). (1) 

s=l 

When m is even, we have the hit polynomial 

^ ~ ^1 [ Qn,s^n+l ^ ^n+l QnflQn]lQn,2 ' ' ' Qn,n-l\ ■ 

If rii is odd and n2 is even, then A can be written as the hit polynomial: 

Qn,n-l\ 

In the following, we will always assume that ni and n2 are both odd. 
When n = 3, no is even and a is odd, we have 

A = {vr'Sq'v,)QZQTiQ3V' 

^ VixiSq^Wr'QToQTiQsl''] (modulo the hits) 



= V^Qs.i [Sq'iQs'^oQss QsJ ]j (modulo the hits). 

Using the previous observation, the last polynomial is hit, since the order of 2 
is even. 

When n = 3, 7io is even and a is even, notice that 

/-)rao ^rai ^712 _ j^no ~1 D"2 ^ 1 q„4 

^3,0^3,1*^3,2 ~ "^3, 0*^3,1 "^3,2 '-'M Vs,!' 
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Then using the X"^'"*cA; and doing some basic computation, we can see that the 
monomial Q3 0O3 1O3 2 image of Yh^^ Sq*. In fact, 

Q3,ix(sq')[Q3roQ3:r'Q3r'] 



'Q3,2][Sq'(g3!oQ3,l' Qzl )Y 
2^^/^ 2 n 2 n 2 12 



= Q3,2X(Sq^)[Q3liQ3TrQ3";Fr (modulo the hits) 



+Sql|(Q2^iX3 + Xf)[SqlSq2(Q3^oQ3,=" )]^ 

where we have used (|l|) in the last equality. On the other hand, Sq'V^^ = for 
z = 1, 2, 3 and 4. Therefore using the x-tf"i-ck , we know that A is hit. 
When n = 3, no is odd and a is odd, the polynomial A equals 

vrHsq'v,)Q-y'QZQ3:2- 

From the discussion above, we know that 

3,0 ^J3,1^3,2 

is in the image of ELi Sq*- On the other hand, xiSq'){V^~^Sq^Vi) = for 
i = 1,2,3 and 4. So using the x-tTick , we conclude that A is hit. 

When n — 3, riQ is odd and a is even, let v be the integer such that a = 
where b is odd. Then 

= Sq^'^Sq^" • • • Sq^^Vl 



Hence 



A = (Sq*''Sq^''...Sq«Vi')(QroQ3\Q32) 

= ^ixlSq'") • • ■ x(Sq''^)x(Sq''^)(QroQ3aQ3,2) (modulo the hits). 



After expanding the last polynomial using Theorem |2.1| , it is easy to see that each 
resulting term belongs to one of the previous cases. Therefore A is hit. 
When n > 4, the polynomial A takes the following form, 

(2) 

Using a result of Don Davis, Theorem 2. of and the x-Mcfc , we know that it 
is sufficient to show the polynomial: 

Q„^lSq2""^ • • • Sq«x(Sq^) {V^+.Q^^QZ-'QZ-' ' ' ' Q^n-l} 

is hit. 

After expansion using the Steenrod operation, the above polynomial can be 
written as the summation of the form: 

Using the previous discussion, we can conclude that all these polynomials are hit, 
except for those when ki and ^2 are both odd. But in this case, we can replace rii 
by ki for all i in (^) and carry out the above process again. After using this process 
sufficiently many times with modulo the hits, we can conclude that the new ko, ki 
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and k2 are independent of the process. To keep ko, ki and k2 unchanged with the 
process, we must require that 

Sq'""' ■ • • Sq\(Sq^) {C+iQ^^3 ' • • Qn.n-i} (modulo the hits) 

contributes Q„ 2 after each process is done, since for j < 2"~^ and t < n , Sq'Q^ Q = 
Qn oQn t only \i j = t = n — 1(> 2). Finally because all ki (0 < i < n) are finite, 
we conclude that A is hit after carrying on the process further for enough many 
times. 
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